This paper deals with the existence of weak and strong common quadratic Lyapunov functions (CQLFs) for pairs of stable discrete-time h e a r time-invariant (LTI) systems. The main result of the paper provides a simple characterisation of pairs of such systems for which a weak CQLF of a given form exists but for which no strong CQLF exists. An application of this result to second order discrete-time LTI systems is presented.
Introduction
In recent years, the area of systems theory and control has witnessed a considerable growth of interest in systems characterised. by a combination of continuous dynamics and logic-based switching. A major issue for such systems has been the determination of easily verifiable and interpretable conditions that guarantee stability. For an overview of some recent approaches to this issue see [l] , [Z] 
Notation and Preliminaries
Throughout IR and 5 will denote the fields of real and complex numbers respectively and Rnxn (QI"'") denotes the space of n x n matrices with real (complex) entries. For a matrix A in ELnXn, AT denotes its transpose, &(A) its determinant and a;j the entry in the (i,j) position of A. Similarly 
is asymptotically stable (141.
In the spirit of [15], we now define strong and weak CQLFs for a set of stable discrete-time LTI systems.
Strong and weak CQLFs:
Consider the set of stable discrete-time LTI systems
where the A, are Schur-stable matrices in If t,here is a, simultaneous solution P = PT > 0 to the discrete-time Lyapunov inequalities we say that V(Z) = z T P z is a weak CQLF for the systems CA.. A weak quadratic Lyapunov function for . , a single system is defined in the obvious manner.
The notion of a matrix pencil, defined below, will be convenient for expressing our later results. 
Main results
The principal result of this paper concerns two stable discrete-time LTI systems for which no strong CQLF exists but for which a weak CQLF exists with each of the Q,,t E {1,2} in (3) of rank n -1. In Theorem 3.1 we provide a simple algebraic characterisation of this situation. The result is of interest for any class of systems where the transition from the existence of a CQLF to the non-existence of a CQLF passes through the situation described in the theorem.
Remark: It is possible to show that for any Schurstable matrix A E IRnX", the set of matrices P = PT
is dense in the set of matrices satisfying
This indicates that the situation described in the theorem is potentially of great importance in providing insight into the existence question for strong and weak CQLFs. 
The proof of Theorem 3.1 is split into two main stages. . 
. x T ( A~( P t S~H ) A~. -
( P + & H ) ) z < O provided 0 < 61 < &. Let C1 denote
T ( A~( P + 6 1 H ) A z -( P + 6 i H ) ) s < 0 .
for all nonlzero x provided we choose 0 < 61 < CZ: So, if we choose 6 > 0 less than the minimum of C1, C,, we would have a real symmetric matrix Pi = P + 6 H satisfying (2) with Q1,Qz > 0. This implies that 4 > 0 [14] and thus V(z) = zTPlz would be astrong CQLF for C A , , CA,.
Stage 2 : So, under our assumptions there is no real symmetric matrix H such that
Thus, the two linear functionals defined on the space of real symmetric matrices in Etnx" by (14) are identical for all symmetric H E IR"x'z for i = 1 , 2 . (ii) The positive definite P assumed in the statement of Theorem 3.1 need only be semi-definite. The conclusions of the theorem are still valid in this case.
(iii) A crucial point in relation to Theorem 3.1 is that there is a hyperplane separating the two convex sets { P : ATPAi -P < 0}, i = 1,2. Essentially, the effect of the rank n -1 assumption is that this hyperplane is unique. In this paper we have derived a CQLF non-existence theorem. We have applied this theorem to derive a CQLF existence result for a pair of stable LTI systems that belong to a certain system class. We believe that our result can be applied to derive similar results for pairs of stable LTI systems belonging to other important system classes.
Second order systems
In this section we present an example to illustrate the use of Theorem 3.1. 
